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1 Introduction

Positively invariant sets show an important role in the theory and applications of dynamical systems.
Set invariance theory, very well probed in [1], it appears in many different problems to demonstrating
stability such as in constrained control [2], with guaranteed invariance, stability and convergence
properties [3]. There are many types of positively invariant sets such as polyhedral sets, ellipsoidal sets,
Lorenz cones, etc. [3, 4]. We mainly consider convex polyhedral sets in this paper. The existence of an
invariant set is equivalent to the presence of a Lyapunonv function and hence is equivalent to a stability
test [5]. As we extend the class of system descriptions outside the class of linear systems, linear systems
with constraints [6,7] are probably the most important class in practice. The most popular approaches
or designing controllers for linear systems Model Predictive Control (MPC) [8] has become the
accepted standard for complex constrained multivariable control problems in the process industries. A
discussion on feasibility requires clear assumptions on the constraints in the optimization [9]. The
controller is also given for the feasibility problem necessary and sufficient conditions for the existence
of such controller are given [10]. To obtain a guarantee of robust stability in the presence of constraints,
it is likely that the associated algorithm will give conservative performance and be valid only within a
quite restricted region [5].

The objective is to determine the region containing the feasible admissible solutions of the problem
MPC, the paper is organized as follows, first section introduces problem statement and proposed
solution the second section gives an illustrative example, and a conclusion section closes the paper.

2 Problem Formulation

Consider the problem of regulating to the origin the discrete-time linear time invariant system
represented by the following state equation such us:

x(k + 1) = Ax(k) + Bu(k) (1)

where, x(k) € R" represents the state vector and u(k)) € R™ stands for the control actions at time
instant k., A and B arereal n X n and nx m matrix respectively, i.e.A € R™" | B € R™™,

Supposed that exists around the origin a polyhedral positively invariant set § defined by the expression

[2]
S(G,w)={xeR"/Gx <w} Withw(@)>0fori=1,..,g (2)

where, G is a matrix G € R9*" | and a vector w € RY with positive components, If §(G, w) is a convex
positively invariant set of system, implies x; €S and x;,,€S [2].

It is emphasized that the MPC dual mode strategy makes use of invariant sets [8] and as such the
algorithms are only defined when the state is within those sets the control low is defined:

U=-Fx. (3)
Suppose the control is subject to saturation constraints U,,;, and Uy,

“Uppin <U < +Ungy (€]
Equation (2) implies that x € §(G,w) = —w < Gx(k) < +w

Substitute (1) in (2)
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—w < G(Ax(k — 1) + BU(k - 1)) < +w 5)
—w — GAx(k — 1) < GBu(k — 1) < +w — GAx(k — 1) (6)

G X B let’s note C; matrix size (g X n) X (n x m) = (g x m) using the left inverse pseudo matrix C{ =
(€¢I, whileCiC, =1

¢ = ((6B)'(GB)™'(GB)’ @)
Substitute C; in (6) we find
Cf (—w— GAx(k — 1)) <u(k —1) < Cf (w — GAx(k — 1)) (8)

In addition, permissibility control region must respect saturation constraints. Consequently, the global
Control constraints became:

{Vrlvcu'_nl sutk-1) < Vrrlfa?} ©)
Upin S u(k —1) < Upgy
with
{V,’,i;nl =Cf(~w - GAx(k - 1)) (10)
Vi = ¢ (@ — GAx(k — 1))

Feasible solutions occur if inequalities in (9) must satisfactory simultaneously. Set of permissible
commands is then defined as thought intersection of these inequalities, which expressed by the
resulting global contrast:

Max(Umint Vr]r(u_nl) < u(k - 1) < min(UmaxJ Vﬂll(lle) (11)
The control law can be designed as
u(k — 1) = average (Max(Upyin, VEZL), min(Upay, VEZD)) (12)

We can change average function in equation (12) by the Min or the Max function.

The states set for which the relation in (11) is fulfilled notedCF;_,, if equation (11) is satisfied, there is at
least one u;_, transmitting x;_,eCF,_, to x, € §

from (11) x,,_, Is contained in the largest area C,_, defined by:
Viax 2 Unin& Vinind < Umax (13)
Substitute VX! and VX! we can have
Cirow—CiGAx(k — 1) = Ui (14)
—Cfw—C{GAx(k— 1) S Upg,  (15)
According to equations (13) and (14) by simple handling we find:
—(Cf® + Upgy) < Cf GAx(k — 1) < Cf w = Upyin (16)
For step k-2

—(CF @ + Upay) < CFGA(Ax(k — 2) + Bu(k — 2)) < Cf @ = Uppy 17)
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—(Cfw + Upgy) < CiFGAx(k — 2) + Ci GABu(k — 2)) < Cif 0 — Upyyn—(C @ + Uppgy) — Cif GA2x(k —
2) < CfGABu(k — 2)) < — C}GAx(k — 2) + Cif w — Upyin (18)

Let’s noteC} GAB = C,

Knowing that matrix C, is a square matrix, we can use directly its inverse matrix C; *, we obtain:
VAR < u(k - 2) < Vi (18)

with

k-2 — _r-1 + +r A2 _
{me C2 [(Cl o+ Umax) + C1 GA X(k 2)] (19)

Ve = C3 [~ CF GAx(k = 2) + Cf 0 — Upyin]
Given the saturation constraints defined by (4)

{V,’,;;,E Su(k—2) S Vg2 (20)

Umin < u(k - 2) < Umax
Feasible solutions exist if inequalities in (21) must satisfactory simultaneously.

A set of permissible commands is then defined by intersection of these inequalities, which expressed by
the following global inequality:

Max(Upn, VX2, V5D <y (k — 2) < min(Upar, Vg2, VED) (21)

min ’ “min
The control low can be given by:

u(k — 1) = average (Max(Uyp,in, V,’,‘“-‘nz,V(k_l)),min(Umax, ko2 e y) (22)

min

The set of states for which this relation is satisfiedCF,_,, if this equation is satisfied, there is at least one
Uy,_, who transferx,_,eCF,_, C CF,_; to x; € § from (22)

Xy, Is contained in the largest area C,_, defined by:
Vit 2 Unin& Vinit < Upax (23)
with Vk-2and VX;2 are defined in equation (20) By simple manipulation
—CM (@ + Upax) = Unax < G5 CFGAPx(k = 2) < G5 (CF @ = Uppin) = Upin(24)
—C5 (€ + Upay) — Unax < C51CFGA?(Ax(k — 3) + Bu(k — 3)) < G (Cf @ — Upin) — Upin (26
Let’s note C;1C{GA%B = C,

Now suppose that in step k — N the procedure will continue forNtiteration, there is at least one
admissible command u,f_ v qui transmitx,,_ytox,_y.,and such that:

k—N k-N-1 k-1 f . k—N) {,(k—-N—-1) k-1
max(Umm,Vn(lin ),Vn(u.n ), .. ....V"(u.n )) Su_y < mm(Umax,V,,(mx ),Vmax ,.....Vrfmx (25)
where, Vn(l';; M, V,SET_LN 7t and YEM yENTD | are designed through the same steps established in

the previous paragraphs.

The set of admissible control is defined by the simultaneous satisfaction of inequalities (27) this set of
states for which the command exists CFy_j,_,;with CFy_;_; € Cy_j_;-
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Finalizing proof of necessary condition. This isn’t sufficient, there is no guarantee that acceptable
solution will be found, this problem is general for predictive control [5]. However, with very large
prediction horizons and simulation tests, it is possible, for a given problem, admissibility was
guarantee.

Theorem
Necessary condition for a sequence of admissible control u;j = 0...N — 1 to transmit the current state

x, insidethe invariant set such that:
AR A VEDY <uf < min (Upgy, VN, pEND Lyt

maX(Umin' min * Ymin e Vinin max » Ymax " Yma.

where all its elements are calculated previously.
3 Simulation and Results

We consider the application of the feasible command obtained above to an example found in [4]. The
system to be controlled is defined by:

0.7 =010 0 00.1
_lo2 -050.10 011
x(k+1) = | G2 20001 Vxt0 +| 07 o [uto (26)
0.5 0 0505 00
. 00 11
with —[O O]sug[u vk. (27)

Polyhedral positively invariant set for this problem is defined
ri 0 0 07

'1' 0 1 0 0 'i'
4 0 0 1 0 4
0 0 0 1
4 4
4 -1 0 0 0 4
>-11<|l0 -1 0 0 [x(k)<+ (28)
: 0 0 -1 0 i
4 0 0 0 -1 4
4 0.5 0 05 05 4
4] [-05 0-05-05 4]
The stabilizing control under invariant set:
u= (_ 0.0063 —0.0045 0.0041 0.0017 )x (29)
0.0311 —0.0577 0.0134 0.0020.

The horizon is N = 20.

We can choose the control in the admissible area defined by (27). From this, three tests were carried
out corresponding to three choices:

Test1: u; = average (max (Umin, V,EI'ET_LN), e V,é’f,:j)) ,min (Upay V,,(I';;N), . V,,(l’;;j)) )
. i k=N (k=)

Test2: uf = max (Umin,Vrim ), e )

Test3 : min (Upay V,,(QZ;N ), VT,(I"‘;;" ))

Figures Fig.1, Fig.2, and Fig.3 respectively give the states and the control signals for test n ° 1, the states
in figure1, incur a large variation when entering in the invariant set.
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Fig. 3.Control law U2

4 Conclusion

In this work we have established an admissible plain solution introduced by the new methodology to
solve the MPC dual mode control and optimization problem. Stability is guaranteed using the theory of
invariant sets. The approach subdivides the state space into regions, for each region the set of
admissible control laws is determined. The simulation results on the given problem are encouraging.
The future work is to generalize the method for nonlinear and piecewise systems.
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